The skutterudites form a large class of compounds with many unusual properties, attributed in part to the novel crystal structure. The unit cell is cubic and is composed of eight sub-cubes formed by transition metal atoms. Six of the sub-cubes contain rings of atoms; the other two sub-cubes can be empty but are usually filled with rare earth or alkali earth atoms. These "filler" atoms can vibrate at low energies and hence are called "rattler" atoms. Here, the dynamics of various atom pairs are reviewed with a focus on the rattler atoms. Most of the work is based on extended X-ray absorption fine structure (EXAFS) studies but results obtained using other techniques, such as inelastic scattering experiments or atomic displacement parameters in diffraction, are also included. Although the main framework of the unit cell is often considered quite stiff, the stiffest springs in the system are only factors of 3-5 larger than the springs connecting the rattler to its neighbors. In addition, the environment about the atoms in the ring structures (e.g. Sb 4 in CeFe 4 Sb 12 ) has a low symmetry and our recent EXAFS experiments suggest that the rings can be considered to be quasi-rigid units, and treated as a large atom. The restoring forces on the rings are asymmetric, with large forces perpendicular to the ring and weak forces in the direction toward a rattler. This suggests that some low energy modes that have been observed in these systems may be a correlated motion of the rattler atoms and the rings. In addition, the unusual result that the second neighbor effective spring constants are stiffer than the nearest neighbor bonds has been observed for several oxy-skutterudites. A simple one-dimensional (1D) model, of a chain of rattlers and rings, weakly coupled to the rest of the lattice has been developed which can explain these unusual results. These calculations also indicate that the thermal conductivity might be further suppressed using a composite formed of several types of nanoparticles rather than just multiple filling on the rattler sites.
Introduction
Skutterudites encompass a large family of materials with a broad range of novel properties, depending on the compound; these include correlated electron behavior, superconductivity, a metal-insulator (M-I) transition, high dielectric constant and good thermoelectric properties, 1,2 such as a high Seebeck coefficient, a low thermal conductivity and a reasonable electrical conductivity, typical of good semiconductors, or poor metals. These properties have been extensively discussed in the literature and there are a number of good review articles on thermoelectrics that include skutterudites.
3-10 Many of these interesting properties depend, at least in part, on the unusual cubic crystal structure that contains two large voids which are often filled with a variety of atoms -rare earths (Ln), alkaline earths, etc. The current paradigm for understanding the structure of these materials is that overall the unit cell is fairly rigid, but because of the large void size, the atoms that fill the voids (filler atoms) are loosely bound and vibrate at relatively low energies; hence they are termed "rattler" atoms.
For thermoelectric applications, the incorporation of rattler atoms can dramatically reduce the lattice thermal conductivity, κ, leading to values of the thermal conductivity comparable to that for glasses; for example, a reduction of κ by factors of 10-100 is observed in CeFe 4 Sb 12 .
11 However, the nature of the rattler is still poorly understood and the definition of a rattler is vague, as noted by Koza et al. 12 Slack and Tsoukala first suggested that the "rattling" of the filler atoms might strongly scatter phonons, 13 and many early investigators treated the rattler atoms as isolated local modes [14] [15] [16] to explain the observed low thermal conductivity in terms of point defect phonon scattering. Although there are clearly low energy modes present, several groups have recently questioned this approach; Koza et al. 12 suggest that the rattler vibrations are coupled to the rest of the lattice -the issue of course is how strongly they are coupled which depends on local spring constants -while Li et al. 17 studied the BaCo 4 Sb 12 rattler system theoretically and similarly concluded that the low thermal conductivity did not arise from localized rattling motion; however, they proposed that it arose from an increase in anharmonic scattering and some reduction in group velocities. However, in the Ba rattler study, the phonon dispersion curves did not show any low energy low dispersion modes, and the conclusions may not apply to many rare earth rattler skutterudites which clearly do have such low energy modes.
For the purposes of this review, we will refer to any very low energy mode as a rattler mode, independent of whether they are independent or coupled to other modes. Note that similar rattler behavior is also observed in the type I clathrates which also have a cage-like structure; [18] [19] [20] Christensen et al. 21 modeled such materials using a simple 2-mass/spring one-dimensional (1D) linear chain model and showed that a rattler mode would couple to an acoustic mode such that there is an avoided crossing. We have recently used a 4-mass/spring 1D linear chain model, more appropriate to the skutterudites, and shown that there may be two avoided crossings.
22
To better understand the role of the Ln filler atoms/ions in skutterudite systems, it is important to determine the low energy modes that are present, the atoms involved, and the local effective spring constants. The low energy of In most of our previous EXAFS studies of the skutterudites, [30] [31] [32] [33] [34] we have modeled σ 2 (T ) for the rattler (the first peak in the r-space EXAFS data) using an Einstein model, with the mass of the rattler as the effective mass. This is appropriate if the host lattice forms a relatively rigid cage about the rattler and the dominant thermal vibrations are those of the filler atoms. From these analyzes, the values for θ E are also of order 100 K -and the values are comparable to Einstein temperatures extracted from other techniques. For high quality σ 2 (T ) data for Yb and Eu antimonides, we also allowed the reduced mass to vary in the Einstein fits and obtained a value for M that is ∼ 15% lower than the bare rattler mass. 30 Recently, Mizumaki et al. 27 compared Einstein temperatures using a bare rattler mass and with a reduced mass that was about 30% smaller, for LnFe 4 P 12 (Ln = La, Ce, Pr, Nd and Sm). The smaller mass increased the Einstein temperature by ∼ 15%.
However, if the cage should not be considered as rigid, a much lower reduced mass would be appropriate. Other EXAFS studies have used this opposite extreme; 35, 36 the very small reduced mass of the atom-pair considered leads to much larger values for θ E , that are inconsistent with other measurements. This raises the important question -how should the effective reduced mass be determined to calculate the Einstein frequency?
A related issue is the size of the effective spring constants between the filler atom and its various neighbors, and between atoms within the host structure. Usually in EXAFS, one reports either the Einstein or correlated Debye temperatures extracted from the temperature dependence of σ 2 ; unfortunately, it is not widely known that the parameter that EXAFS actually measures is the effective spring constant between two atoms (see Sec. 2.3), 29, 34, 37 which includes both a "direct" spring and a network contribution; we have begun to report effective spring constants in recent work. 34 For the filled skutterudites, particularly for some antimonides, an off-center displacement of the rattler atom has also been proposed to explain softening of elastic parameters at low temperatures in ultrasonic measurements [38] [39] [40] and also as a possible additional phonon scattering mechanism. 35, 36 Off-center behavior can be probed at low temperatures from the value of σ 2 at ∼ 10 K. If there are no significant static distortions (σ 2 static ∼ 0), then σ 2 (10 K) will be comparable to the expected zero-point-motion value (see Sec. 2.3). However, if the rattler atom is off-center, the nearest neighbor pair distribution is split and that leads to excess disorder and a larger value of σ 2 static ;
36 it would also lead to increased point defect scattering of phonons. There are differences in reported values of σ 2 static that need to be clarified.
Another unusual result is found in recent local studies of the oxy-skutterudites. Although in nearly all crystals the nearest neighbor atom-pair has the stiffest bond, for the rattler-atom pairs in the oxy-skutterudites, LnCu 3 Ru 4 O 12 , the second neighbor pair (Ln-Ru; Ln = La, Pr and Nd) has a stiffer bond than the nearest 34 These studies also provide evidence that the restoring forces for parts of the cage structure are anisotropic.
34,41,42
The above results show that the atomic vibrations within the skutterudites are not simple and in some case can be asymmetric or perhaps anharmonic. To judge the relative stiffness of the structure, one also needs to know the effective bond strengths (spring constants) between various pairs of atoms and the restoring forces for motions in different directions. After briefly reviewing the unit cell and how vibration modes are probed in EXAFS, we summarize recent progress toward understanding atomic vibrations in the skutterudite structure with a focus on the rattler atoms, starting with the more extensively studied antimonides. At the end, we describe a simple 1D linear chain model with four masses 22 that captures many of the unusual behaviors.
Structure, EXAFS and Vibration Models

Unit cells
The starting point for understanding the local structure is the unit cell obtained in diffraction (an average over many unit cells). The skutterudite unit cell has the space group Im3, 18, 43 with transition metals on the 8c site (1/4, 1/4, 1/4), pnictogens on the 24g site (0, x, y), and for filled skutterudites, a rattler atom on the 2a site (0, 0, 0) [for the oxy-skutterudites discussed later, there is also a Cu or Mn atom on the 6b site, (0, 1/2, 1/2)]. For these materials the unit cells are moderate-sized, containing 32-40 atoms (lattice parameter 7-10Å), and the structure is relatively open as shown in Fig. 1 . Each unit cell consists of eight sub-cubes, formed by the transition metals (e.g. Fe, Ru, Os; 8c), which provide the backbone to the structure. Six of the The structure of CeM 4 X 12 (M = Fe and Ru, Os; X = P, As and Sb); the unit cell is cubic (space group Im3). 18, 43 The M atoms are red, the Ce atoms are plotted in yellow (large), and the X atoms are purple (small). Within each unit cell there are eight sub-cubes formed by the M atoms; in six of these sub-cubes, there are square rings formed by four pnictogen (X) atoms, with a single Ce atom in the center of the other two sub-cubes. (Middle) The similar structure for the oxy-skutterudites LnCu 3 Ru 4 O 12 (Ln = La, Pr, and Nd). Here, the pnictogen squares are replaced by the CuO 4 squares. (Right) The cage structure about the rattler atom; 12 pnictogen (As) or O atoms form an icosahedron of nearest neighbors while eight transition metal atoms (M) form a cube of second neighbors. Note: Reprint of Fig. 1 44, 45 In the filled skutterudites, 1,2,11 rattler atoms, Ln, occupy these empty sub-cubes -see Fig. 1 , and the chemical formula is LnM 4 X 12 -where Ln is often a rare earth, the M atoms are usually transition metals and the X atoms typically pnictogens, P, As or Sb. However, new families such as LnPt 4 Ge 12 also exist, with Pt replacing the transition metal and Ge replacing the pnictogen.
46-49 A further expansion of the skutterudite family is achieved by replacing the 4-member pnictogen ring by a 5-atom ring, Fig. 1 (middle) . These materials have compositions LnM
where Ln is again a rare earth, M ′ is the metal atom in the center of the O ring such as Cu and M is a transition metal (such as Ti or Ru). 8, 9, 43, [50] [51] [52] [53] They are often called double perovskites because the transition metals forming the backbone of the structure are surrounded by an octahedron of O atoms; however, viewed in terms of such octahedra obscures the skutterudite structure. Throughout this article, we will use the skutterudite structure shown in Fig. 1 (middle) and refer to them as oxy-skutterudites.
Details of the cage surrounding a rattler atom are shown in Fig. 1 (right) . The 12 nearest neighbors are pnictogens, or O for the oxy-skutterudites, while the second neighbors are transition metals. Depicted in this way, it appears that the cage should be quite rigid. However, the triangles between the pnictogen atoms (arsenic in Fig. 1 (right) are not equilateral -the shortest As-As distance (second As nearest neighbor) is about 2.9Å and is a stiff bond; however, the other two sides of each triangle are approximately 3.8Å, and correspond to fifth neighbor interactions, for which correlations between atoms should be small, and spring constant not well defined -see discussion of Eq. (6) . In later discussion, we suggest that the rings should be considered as nearly rigid units but the restoring forces on these rings are very anisotropic.
EXAFS
Throughout this paper, we will focus on the (Debye-Waller) parameter σ 2 for different atom pairs, that is extracted from the analysis of EXAFS data. σ is the width of the pair distribution function (PDF) which is typically described by a Gaussian function, and depends strongly on the correlations between the pair of atoms. For the first few neighbor atoms, the temperature dependence of σ 2 provides a measure of the bond stiffness, and an effective spring constant can be defined. Usually, however, the stiffness of the bonds are reported in terms of Einstein or Debye temperatures.
For those not familiar with the EXAFS technique, we first briefly outline the data reduction and analysis, and discuss some important constraints in extracting σ 2 (T ) for various atom pairs. Every atom has a unique set of steps (edges) in the X-ray absorption spectrum when the X-ray energy is just sufficient to excite one of the core electrons to the continuum; for an edge of interest, the edge energy is defined as E o . EXAFS oscillations occur in absorption data for a range of energies roughly 1 kV above E o ; in this regime, part of the photoelectron wave that is ejected from the core, backscatters from neighboring atoms, and interferes (constructively or destructively) with the outgoing wave at the excited atom. This modulates the absorption, leading to oscillations. The absorption just above the edge can be written as µ(E) = µ o (E)(1 + χ(E)) where µ o (E) is the average absorption above the edge as a function of E and χ(E) is the oscillatory EXAFS function, extracted from the data
Using the relation ( k) 2 /m = E − E o , χ(E) can be converted to χ(k) which can be written (from perturbation theory) 37 as a sum over shells of neighbors, j:
Here, N j is the number of jth neighbors, S 2 0 is an amplitude reduction factor from multiple electron effects, F j (k, r) is the backscattering amplitude (a weak function of r), and φ j (k) is the total phase factor with contributions from the central atom and jth backscattering neighbors. A Fourier transform of k n χ(k) (n is typically 1-3) leads to peaks in r-space that correspond to shells of neighbors at various distances. Note that the main effect of σ in k-space is to dampen the EXAFS oscillations at high k; for small σ, the damping factor is exp[−2σ 2 k 2 ]. Since χ(E) in Eq. (1) is normalized by µ o (E) (the average background above the edge with no oscillations), variations in the slope of µ o (E) from one temperature to another will change the amplitude of the EXAFS oscillations at high k and hence would vary σ.
The best signal-to-noise for µ(E) is usually achieved in transmission data, where the absorption through a sample is measured as a function of energy from just below E o for the atom of interest (usually K or L III edges) to roughly 500-1000 eV above the edge. First a pre-edge subtraction is carried out to remove the absorption from other atoms and other edges. As described above, to minimize scatter in σ 2 it is very important that after this subtraction, the functions µ o (E) for each temperature are nearly identical, and follow the Victoreen formula. 54 For more dilute atomic concentrations, as is the case even for the rare earths in the skutterudites, data collected in fluorescence mode often provides a better signal-to-noise.
To analyze such data, theoretical EXAFS functions are calculated (in k-space) for each atom pair of interest using the program FEFF8 (Ref. 55) developed by Rehr et al. These functions are convoluted with a Gaussian (width σ) to describe the broadened PDF and fast Fourier transformed (FT) to r-space; in our analysis using the package RSXAP, 56 the data are fit to a sum of such functions in rspace, by varying r and σ, with the amplitude ratios constrained to the known coordination numbers from the space group. However, the EXAFS amplitude is usually decreased a little because of multi-electron absorption events that do not produce a photoelectron with a well-defined energy. This is described by a parameter In EXAFS, we measure the width of the pair distribution function, which is a projection of vibrations along the bond or pair distance i.e.
where x A and x B are displacements of atoms A and B,R is the unit vector between them and represents an average over the lattice. Two models are generally used to describe the temperature dependence of σ 2 for various near neighbor pairs. The simplest is the Einstein model which assumes one vibration energy and uses some effective mass. This is clearly a gross simplification when acoustic modes play a significant role. For simple systems with comparable springs between atoms, the reduced mass of the atom pair is used as the effective mass. If instead the vibrations of the atom studied can be considered to be more like that of a local oscillator inside a rigid cage with a single vibration energy, then the Einstein model is appropriate, and the effective mass is just that of the atom. For example, consider an atom vibrating inside a rigid box; the walls of the box do not move, so the effective mass is just the atomic mass, but the effective spring constant will be the combined result of all springs between the rattler and the box.
For the Einstein model, the equation for σ 2 E is given by 37, 57 :
where θ E is the Einstein temperature, µ is the effective mass of the Einstein vibrator, k B is Boltzmann's constant and σ 2 static is the contribution from any static disorder -strains, off-center displacements, etc. Note that this equation is very similar to that used in diffraction for the isotropic thermal parameter, U iso (T ):
Here, the mass of the atom m replaces the effective mass µ and u 2 o is the static off-set in diffraction. A significant difference is that in diffraction, the vibrations are isotropic while in EXAFS, they are projected along the bond.
The second model used to describe σ 2 (T ) is the correlated Debye model; it is a better approximation when many phonon modes, with frequencies from 0 to ω D , contributing to σ 2 . 37, [57] [58] [59] In this model, σ 2 cD (T ) is given by 
where denotes an average and C = x A x B is the correlation of x A and x B . C is positive for positive correlations (atoms A and B move in same direction), and in this case σ 2 can be quite small; 60 C can be negative if the atoms move in opposite directions, leading to a large value of σ 2 and C ∼ 0 if the displacements for atoms A and B are uncorrelated as is the case for distant neighbors. Note that when the correlation parameter C goes to zero, σ 2 becomes independent on the separation of the two atoms.
Finally, at low temperatures, the only remaining motion is zero point motion (ZPM) and if σ 2 static is negligible, Eq. (3) reduces to
where K eff is the effective spring constant between the atoms and ω 2 = K eff /µ. Thus, at low T , σ 2 = σ 
Spring constants
If we consider an effective spring constant, K eff , between a pair of atoms, then in the high T limit, the average energy stored in this spring is 1/2 K eff σ 2 = 1/2k B T and K eff can be obtained from the inverse slope of σ 2 (T ) at high T ; 29, 34, 37, 61 i.e.
In fact, the equation for the Einstein model [Eq. (3)] reduces to this form when σ 2 static is small and [k B θ E / ] 2 = K eff /µ. Note that K eff should be independent of the reduced mass µ. However, in practice, because of the curvature of σ 2 (T ) at low T and a finite temperature range (typically up to 300 K), K eff varies slightly with the choice of µ; specifically, there is some variation -up to ∼10%, when fits are extrapolation to high T to extract K eff . For the few systems we have checked, the value of K eff is also independent of whether an Einstein or correlated Debye model is used to initially model the data. The skutterudite compounds that have been most intensively studied are the antimonides; these materials have low energy modes associated with rattlers and low thermal conductivities when rattler atoms are present.
14 The low thermal conductivity leads to quite high values of the thermoelectric figure of merit, ZT and hence they are useful in thermoelectric applications.
The most important local structure measurements focus on the rattler dynamics. However, before discussing them, it is useful to briefly consider the rest of the skutterudite structures and the strengths of the other bonds within it. In the few studies for which we have investigated the EXAFS for each metal edge, the strongest bond is between the transition metal and a pnictogen (e.g. Ru-Sb) and the second strongest bond is within the pnictogen rings (e.g. Sb-Sb). 33, 34 Unfortunately, there are very few studies at the Sb K edge -we did not investigate this edge in our early investigations 30, 31 and there are no other Sb edge studies that we are aware of. We have also observed similar relative strengths for some arsenides and oxyskutterudites.
34
For the M-Sb bonds, our correlated Debye temperatures, θ cD , range from 300-400 K, while θ cD for the Sb-Sb bond is between 260 K and 330 K. Heat capacity measurements give Debye temperatures in the range 250-300 K (e.g. 65 The Mossbauer results were interpreted as evidence that Fe was involved with high frequency modes, while Sb was more involved with low frequency modes. However, the strongest bond in the system -Fe-Sb connects both atoms, and thus some high frequency modes involve both Fe and Sb. We return to this issue in Sec. 6 .
We now focus on measurements of the rattler dynamics in LnM 4 Sb 12 materials, where Ln is usually La or a rare earth atom and M is a transition metal (Fe, Ru, Os, etc.). Einstein temperatures, θ E , for the rattler atoms have been estimated using many different techniques and usually range from 40 K to about 100 K for the antimonides. Early estimates of θ E were obtained from the temperature dependence of the isotropic thermal parameters for the rattler atoms, U iso (T ), in diffraction measurements [see Eq. (4) are included in the plot of Einstein temperatures for rattlers in antimonides and arsenides (see Fig. 2 ). For EXAFS, the nearest neighbors to the Ln rattlers are the 12 Sb atoms (see Fig. 1 ), while the second neighbors are the eight M atoms. These two atompairs (Ln-Sb; Ln-M) form overlapping peaks in the r-space EXAFS data. Although the second peak (Ln-M) is small, it is not negligible and must be included to obtain good results for the Ln-Sb peak. In our first EXAFS studies of the skutterudites, 30, 31 we only reported θ E for the Ln-Sb peak, although the fit of the data included both peaks; in most cases, we assumed the nearly rigid cage approximation and used the rattler mass as the effective mass (all masses will be given in atomic mass units). With this approximation, the EXAFS Einstein temperatures are comparable to those from other measurements. 33 See Fig. 2 for more results.
Because the Einstein temperatures for Ln-Sb in the antimonides fall in a relatively narrow range, variations of θ E with changes in the rare earth atoms or with the transition metals, are small, and clear trends are only found for a given technique. Generally, θ E is higher for smaller unit cells, and for a given rare earth atom, the Fe compound usually has a higher Einstein temperature than the Ru or Os compounds. Also, for a given skutterudite, θ E tends to decrease as the rare earth atomic number increases. This is shown explicitly for the phonon mode observed in IXS for a series of LnOs 4 Sb 12 compounds; 75 the energy varies from ∼ 5 meV (59 K) for La to ∼ 3.5 meV (40 K) for Sm; however, for Eu which has a valence of +2, the energy is ∼ 68 K. For all techniques, θ E for Eu clusters between 68 K and 85 K (average about 78 K), but is significantly lower for Sm, ranging between 40 K and 68 K with an average near 55 K. Thus, it appears that valence plays a role.
The only values of θ E that do not fall within the above broad ranges are those reported by Nitta et al. for the Ln-Sb pair in LnM 4 Sb 12 ; Ln = La, Ce, Pr, Nd and Sm; M = Fe, Ru and Os). Part of the discrepancy arises from using the reduced mass of the rattler-Sb pair which is much smaller than the rattler mass. Using the √ M dependence on mass, these values would decrease to 75 K for the Ce-Sb pair and 132 K for the Nd-Sb pair, when using the full rattler mass. The Ce-Sb result is very close to other results but the value for Nb-Sb is still a bit high. For comparison purposes (see Fig. 2 ), the values of θ E from Nitta et al.. 35, 36 have been modified to correspond to values with the rattler mass as the effective reduced mass using the √ M dependence. Also Mizumaki et al. 27 calculated Einstein temperatures using both the rattler mass and a slightly reduced (30%) effective mass; for consistency, we have only included the values they obtain using the rattler mass in Fig. 2 .
Are rattler atoms off-center in antimonide skutterudites?
Because of the large size of the cage surrounding the rattler atom, an interesting possibility is that the rattler might move off-center, i.e. vibrate about an off-center position, particularly in the larger unit cells of the antimonides. The most likely directions would be along symmetry directions such as the 100, 110 or 111 axes. Then there would be many Ln-Sb first neighbor peaks with slightly different bond lengths, and this would lead to a broadened pair distribution function at low temperatures and a large value of σ (7)]. However, for at least three data sets with which we can compare our data directly with Nitta et al., 35, 36 there are large differences in the amplitude of the k-space data; these are the Nd L III -edge data for NdFe 4 (2)], a factor of 2 in amplitude at 10Å −1 corresponds to a difference in σ 2 of 0.0035Å 2 and a factor of 3, to an excess σ 2 of 0.0055Å −1 . Further, for the Sm L III -edge, we find an even larger disagreement at high k; we observe quite large oscillations in the range 8-11Å −1 , comparable to our data for other rare earths, while the k-space data for Sm in Ref. 35 is much smaller than for other edges and very close to zero for k above 8Å −1 . These large differences in the data explain a large part of the discrepancy. It is not clear why the data shown by Nitta et al. 35, 36 are so low in amplitude. There are a number of ways by which the amplitude of the EXAFS oscillations can be suppressed, including sample thickness effects 76 and poor energy resolution 77 -but the cause of the disagreement here is unclear. Also, we are not aware of any effect that could increase the EXAFS oscillation amplitude.
It is instructive to place better estimates on the possible maximum off-center displacements, since our values of σ 2 static for a few materials (see above), although small, are not negligible. For this estimate, we will make the assumption that only off-center displacements contribute to σ 2 static , which is probably not realistic, but provides an upper limit. Consider the system CeFe 4 Sb 12 as an example, with Ce displaced off-center by 0.10Å (on-center Ce-Sb distance is 3.40Å). If Ce is displaced along 100, there would be five peaks from 3.314Å to 3.494Å, with amplitudes in the ratio 2:2:4:2:2; if displaced along 111, there would be four peaks from 3.327Å to 3.481Å, with equal amplitudes, while for a 110 displacement (and neglecting differences in distance <0.01Å), there would be six distances between 3.310Å and 3.498Å, with amplitudes in the ratio 1:2:3:3:2:1. In all cases, the individual peaks cannot be resolved i.e. one cannot differentiate between an off-center displacement and a uniformly broadened peak from random disorder for an off-center displacement of this size. 
F. Bridges
For a given off-center displacement, one can calculate the contribution to σ 2 static from a split peak using the following equation given by Teo (under the assumption that all individual split peaks have about the same value of σ 2 ):
where r av is the average bond length and there are N i neighbors at a distance r i . This equation works remarkably well and can be generalized for the case where the split peak σ's are not equal. 78 For CeFe 4 Sb 12 , N = 12 -the total number of Ce-Sb bonds. Because of the large number of bonds, for any particular off-center displacement, there will be several bonds that are nearly perpendicular to the off-center direction. Such bond lengths will be nearly unchanged and would not contribute much to σ 2 static ; hence σ 2 static may be significantly smaller than the off-center displacement. Consider a 0.10Å Ce displacement along 100; the net contribution to σ 2 static would be about 0.0034Å 2 from Eq. (9). This, together with a small thermal broadening (σ 2 = 0.003Å 2 ) give a total broadening of σ 2 = 0.0064Å 2 , as shown in Fig. 3 ; for a 0.1Å off-center displacement, there is no significant difference between a split and broadened peak. Note that σ static ( σ 2 static ) is about 0.06Å, significantly smaller than the off-center displacement 0.1Å. Even for an off-center displacement of 0.15Å, the difference in the EXAFS data between a split peak and a broadened peak is quite small.
For other off-center directions, the contribution to σ 2 static calculated from Eq. (9), is nearly the same as for the 100 off-center model -likely because of the large number of split peaks that are produced in each case. Thus, under the assumption that there is no other disorder that would contribute to σ , between a 100 off-center displacement of the Ce rattler and a broadened peak. The 100 displacement is 0.10Å and the resulting five peaks are each slightly broadened by σ 2 = 0.003Å 2 ; the broadened peak has σ 2 = 0.0064Å 2 . For this magnitude of off-center displacement, one cannot distinguish between a peak broadened by local static disorder and the broadening that arises from a split peak. 
33 but clearly inconsistent with the proposed large off-center displacement for NdOs 4 Sb 12 ; using σ 2 static as an estimate for a possible off-center displacement yields 0.06-0.07Å. The more detailed analysis presented in the last section shows that if all the disorder arose from an off-center displacement, it might be as large as 0.1-0.12Å; thus the ultrasonic anomalies probably arise from another effect.
For the second neighbor peaks Ln-Os, however, there are striking differences in the σ 2 versus T plots for Nd-Os, Pr-Os and Eu-Os as shown in Fig. 4 . First, the plot for Eu-Os (second neighbor) is very similar to that for Eu-Sb (first neighbor); θ E for Eu-Os is essentially the same (64 K) as for Eu-Sb (76 K). Also the values Although one might assume, based on the crystal symmetry and large number of nearest neighbors, that the rattler atoms would vibrate symmetrically inside the cage structure [see Fig. 1 (right) ], that is likely not the case in some systems. For PrOs 4 Sb 12 , Kaneko et al. 79 show that the vibrations of Pr become anisotropic at 300 K. The nuclear density plots are spherical at low T but become rectangular in the 110 plane at 300 K, with the largest vibration amplitude along the 111 directions. The vibrations of Os are also no longer symmetric at 300 K and the nuclear density plots around Os are elongated toward Pr. The relatively large vibration amplitude observed in EXAFS for the Pr-Os pair compared to the Eu-Os pair 33 is consistent with this anisotropy; however, we do not have good data at 300 K for the Pr-Os peak to compare magnitudes. An extrapolation of the EXAFS results to 300 K yields a significantly smaller vibration amplitude than for Pr alone in the nuclear density plots. This suggests that the motions of Pr and Os are strongly correlated.
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Similar results were observed by Yamaura and Hiroi 67 for NdOs 4 Sb 12 and SmOs 4 Sb 12 from X-ray scattering data. Electron density maps at low T are spherical but at high T (400 K), they are slightly elongated along the 111 directions.
Arsenides
Although a few arsenide skutterudites were briefly investigated by early investigators, 44, [82] [83] [84] the literature on this group of materials is sparse. The lattice constant -and hence the size of the cage about the rattler atom -lies between that for the phosphides and the antimonides. Consequently, the low energy modes are also expected to be at intermediate values. This is shown nicely in a recent comparison by Tsutsui et al. 28 of the rattler modes from 149 Sm NRIS measurements for SmFe 4 X 12 , X = P, As and Sb; the mode energies are approximately, P: 10.9 meV (127 K); As: 7.9 meV (90 K); Sb: 5.1 meV (59 K), with the mode energy for As close to the average for P and Sb.
We have investigated one family of arsenides using EXAFS -CeM 4 As 12 , M = Fe, Ru and Os. 34 From the analysis of the EXAFS data for the transition metals and As atom, the M-As bonds are the stiffest within the unit cell and increase slightly from Fe to Ru to Os. The second strongest bonds are the As-As bonds within the As 4 rings but they are less than 50% weaker. In contrast to the M-As bonds, however, the As-As bond strength decreases slightly from the Fe to the Os compound. Note (see Fig. 1 ) that these two strong bonds are nearly orthogonaland that plays a role in the dynamics discussed later.
In analyzing the Ce L III -edge data, we again found that it is important to include the second neighbor peak Ce-M as shown in Fig. 5 ; e.g. for the CeFe 4 As 12 sample, the amplitude of the second neighbor, Ce-Fe peak is about half that for the nearest neighbor Ce-As peak. Ignoring this peak changes the fit parameters for the first peak significantly. Within this series of compounds, the importance of the second neighbor peak is smallest for the CeOs 4 As 12 sample where the second neighbor peak amplitude is about 30% of the first peak.
The σ 2 (T ) plots for the first two neighbors about Ce are shown in Fig. 6 for the three samples. The slopes of σ 2 (T ) above 150 K are quite large compared to that for other atom pairs in these compounds 34 and the extracted Einstein temperatures are in the range 101-124 K for the first neighbor Ce-As pair; these values are included in the composite figure -Fig. 2 for the antimonide and arsenide skutterudites. Clearly, Ce is involved in low energy modes in these arsenides. Unfortunately, there are relatively few other measurements with which to compare. For the La rattler, Matsuhira et al. 71 have reported Einstein temperatures obtained from specific heat, for LaM 4 X 12 ; M = Fe, Ru and Os; X = P, As and Sb. For arsenides, the Einstein temperatures varied from 113 K for the Fe compound to ∼ 99 K for Ru and Os; these are significantly larger than for the antimonides (61-88 K) (see Fig. 2 ). In recent NRIS measurements for SmFe 4 As 12 , 28 a phonon peak was observed near 92 K, roughly 25% lower than θ E = 124 K, obtained for CeFe 4 As 12 .
34 Considering the differences in the techniques and the heavier Sm rare earth, which is expected to have a lower vibration energy (e.g. for LnOs 4 Sb 12 there is a 30% decrease in the phonon mode energy from Ln = La to Ln = Sm), 23 this is very reasonable agreement. Also, fits of recent specific heat measurements for NdOs 4 As 12 resulted in a somewhat lower Einstein temperature 69 for Nd: 61 K (see Fig. 2 ). A clear result in Fig. 6 is that σ 2 for the second neighbor pairs increases faster with T than for the nearest neighbor pairs, particularly for the Ce-Fe pair in CeFe 4 As 12 ; a similar result was found for a few antimonides and phosphides. This appears to be a general result -at least for the pnictogen skutterudites and is further evidence that the cage surrounding the rattler atom is far from rigid. Further support for this result comes from a comparison of the effective spring constants [see Eq. (8)], extracted from the slopes of σ 2 (T ) at high T . For Ce-As, the effective spring constants 34 are 3.72, 2.70 and 2.46 eV/Å 2 for the Fe, Ru and Os compounds, respectively; these are only factors of 2-4 weaker than the strongest M-As bonds (8.22, 9.85 and 10.85 eV/Å 2 from Fe to Os). 34 Thus, although the main cage structure formed by the transition metal atoms and the As rings contains some stiff bonds, it is clearly not rigid. We return to discussions of effective spring constants in Sec. 6. However, it is not obvious how σ 2 (300 K) for the Ce-Fe peak in CeFe 4 As 12 can be so large (∼ 0.016Å
2 ) compared to the value for Ce-As peak (0.0075Å 2 , see Fig. 6 ), when the Fe-As peak has a stiff bond with σ 2 (300 K) = 0.0035Å 2 . 34 The small values for both Fe-As (and also Fe-Fe) suggest that the vibrations of the Fe 79 Thus, the "rattler in a nearly rigid cage" model is probably not a good approximation for any of the skutterudites.
Finally, note that at low T , σ 2 (10 K) is the same for both pairs in the Ru and Os samples while there is a small, increased static off-set for the Ce-Fe pair in CeFe 4 As 12 . Except for Ce-Fe, the static off-sets are consistent with zero -there is very little static disorder and no evidence for any off-center displacement in the arsenides.
Phosphides
The second most studied group of skutterudites are the phosphides, LnM 4 P 12 , where Ln is again a rare earth and M a transition metal. Because of the low atomic number for P, there are no EXAFS results for this atom. The first two neighbors about the rare earth atom are P and M and produce two partially overlapping peaks in r-space plots for the K edge of the rare earth atom; the two peaks are however, more separated than in the antimonides and arsenides. Although both peaks were included in fits in our early studies, 30, 32 we only reported θ E for the first peak; for the Ce-P pair, 148 K for CeFe 4 P 12 and 125 K for CeRu 4 P 12 , 30 and for the Pr-P pair in PrRu 4 P 12 and PrOs 4 P 12 -both ∼ 130 K. 32 In the latter study, many data points were collected at low T and the reduced mass was allowed to vary in the Einstein fits, yielding a reduced mass of ∼ 112 -a 21% reduction from the rare earth mass, 141; this is equivalent to the reduced mass of the rattler together with a heavy mass, 540. Note that the essentially identical results for M = Ru or Os is consistent with nearly identical lattice constants and is observed for other similar materials.
Because of the partial peak overlap, a fit to only the first peak gives somewhat different values of σ for Ce-P (or Pr-P) than when both peaks are included. The extent of this overlap is shown explicitly for CeFe 4 P 12 in Fig. 7 (a) at 4 K, where both the Ce-P and Ce-Fe contributions are plotted separately. It is clear that if the second neighbors are neglected (in a fit from 2Å to 2.7Å), the amplitude and/or σ parameters must change, although it is not a large effect. These data (Fig. 7) are from a more extensive but unpublished data set collected at the Ce K edge about the time Ref. 30 was published. The temperature dependence of σ 2 for both the Ce-P and Ce-Fe peaks are plotted, along with Einstein fits using the Ce mass as the effective mass; θ E = 144 K. We have also plotted our earlier results of σ 2 for Ce-P as triangles 30 to show they are nearly the same but have much more scatter. Note that a smaller reduced mass would make θ E larger. Here, we use S 
F. Bridges
Recently, Mizumaki et al. 27 investigated the K edge EXAFS for several rare earth atoms in LnFe 4 P 12 , where Ln = La, Ce, Pr, Nd and Sm, and obtained similar values of θ E for this series of compounds ranging from 130 K for La (Z = 57) to 106 K for Sm (Z = 62) when the rattler mass is used as the reduced mass. In comparing their results with NRIS measurements, they found that a slightly smaller reduced mass obtained using the rattler mass plus the 12-membered cage of P atoms (i.e. 1/µ = 1/M r + 1/(12M P ) gave about 15% higher values of θ E and better agreement with the mode energies observed in NRIS. 28 Both the Einstein temperatures and the peak energies plotted from NRIS (some unpublished 27 ) follow identical trends; as the atomic number Z or the free space in the void increases, the rattler energy decreases uniformly. However, as discussed briefly in the introduction, one does not expect the Einstein temperature from EXAFS to correspond directly to a phonon peak observed in mode-dependent probes, and the effective mass is probably more complex; it would be unusual for the 12-membered cage of P atoms to move as a rigid unit as they suggest.
The only direct comparison between our earlier work 30, 32 and that of Mizumaki et al. 27 is for CeFe 4 P 12 (see Fig. 7 ). Our current value of θ E for the Ce-P pair is 144 K, the older value 30 is 148 K, while the value in Mizumaki et al. 27 is about 124 K when the rattler mass is used as the reduced mass. The difference in θ E s is larger than expected from the relative errors given but systematic errors can dominate. In both analyses, good fits were obtained without adding parameters to allow for deviations from a Gaussian distribution; so up to 300 K, anharmonic effects are small. The Einstein temperatures for several phosphides are plotted in Fig. 8 .
A larger discrepancy between the two sets of results is that for all rare earth phosphides reported by Mizumaki et al., 27 the values of σ 2 at low T are consistently ≥ 0. ] plot for this sample has a larger amplitude in r-space which would lead to a somewhat smaller value of σ 2 , but not enough to explain their larger value of σ 2 at low T ; however, different FT windows are used which makes such comparisons difficult. At this point, the discrepancy is not resolvable.
M-I transition in PrRu 4 P 12
The PrRu 4 P 12 skutterudite is unusual in that it has a M-I transition 85 near 63 K, while the similar system LaRu 4 P 12 has no transition. The explanation for this effect is still under debate [86] [87] [88] but it is clear there is also a subtle change in structure at 63 K, 32, 80, 81, 89 at which the two Pr sites in the cubic unit cell (Fig. 1) 89 it could also be some combination of mechanisms. However, the focus here is on the local structure and how it agrees or differs with long-range structure. From diffraction experiments, Lee et al. 80, 81 proposed a transition from space group Im3 to P m3 below 63 K.
Within the P m3 space group, 81,89,91 the sub-cube of Ru atoms about one Pr site contracts slightly, while the sub-cube surrounding the other Pr site expands (see Fig. 1 ). The main structural changes are splittings of the nearest Pr-Ru distances by ∼ 0.019Å and the Ru-Ru distances by 0.023Å, a relative change of 5 × 10
that is an order of magnitude larger than suggested by Kong et al.. 87 The other nearest neighbor distances, Pr-P and P-P are essentially unchanged. This distortion occurs right at the M-I transition, 32, 86, 89 so it is likely that it plays some role in the transition.
To investigate the local structure, Cao et al. 32 compared the EXAFS data for PrRu 4 P 12 with that for PrOs 4 P 12 , which has no M-I transition. For PrOs 4 P 12 , no anomalies were observed in σ 2 (T ) for the pairs Pr-P, Os-P or Os-Os. In contrast, σ 2 (T ) in a 1-peak fit for the Ru-Ru pair in PrRu 4 P 12 increases below 63 K as T is lowered -see 1-peak fit results (solid squares) in Fig. 9(a) , whereas all thermal vibration models predict a decrease, as observed for Os-Os in PrOs 4 P 12 .
32 This means that additional distortion/disorder is clearly present at low T . A 2-peak fit of the Ru-Ru peak was then carried out, with the expectation that σ 81 above 63 K, the fits collapsed to a single Ru-Ru distance. Fits were carried for different k-weightings of the k-space data from kχ(k) to k 3 χ(k), with nearly the same result [ Fig. 9(b) ]. The values of σ 2 (T ) then followed the correlated Debye model at low T quite well; however, the σ 2 data point at 28 K is a bit low. If the splitting at 28 K is set equal to that at 40 K -i.e. the distortion becomes constant, then the 28 K σ 2 data point falls on the line for the correlated Debye model as shown by the solid triangle in Fig. 9(a) . In this case, there is nice agreement between long-range order (diffraction) and local order (EXAFS).
Other Skutterudites
Oxy-skutterudites
The last main group of compounds to consider are the oxy-skutterudites LnCu 3 M 4 O 12 where Ln is a Lanthanide and M is a transition metal such as Fe, Ti or Ru. 8, 9, 43, [50] [51] [52] [53] Although often called double perovskites, 9 we emphasize the CuO 4 ring structure [see Fig. 1 (middle) ] which is more rectangular than in the filled skutterudites, as the O-O pair distances within CuO 4 differ by about 0.3Å. The short and strong Cu-O bond within these CuO 4 units makes them relatively rigid; also note that the CuO 4 rings are relatively larger than the pnictogen rings when compared to the size of the unit cell.
We have carried out detailed EXAFS experiments on three oxy-skutterudites LnCu 3 Ru 4 O 12 , with Ln = La, Pr and Nd, for all edges except the O K edge.
34
The results for the Cu and Ru edges are typical of other skutterudites. For these compounds, the Ru-O bond is again the strongest; θ cD is about 1000 K for Ru-O (K eff ∼ 13 eV/Å 2 ), while the Cu-O bonds in the CuO 4 rings are somewhat weaker -θ cD ∼ 850 K (K eff ∼ 9 eV/Å 2 ). Also, there is no evidence for any significant static distortions about either Cu or Ru and σ From the analysis of the Lanthanide L III -edge data, La, Pr and Nd again act as rattler atoms, with quite low vibration energies characterized by low Einstein temperatures for the nearest neighbor Ln-O pairs; θ E ∼ 130 K and the Ln-O effective spring constants are roughly 4.5Å
2 . The latter is only a factor of 2-3 weaker than for the strong Ru-O and Cu-O bonds -so again the cage cannot be considered as rigid. Note that the Einstein temperatures for the Ln-O pairs in the oxy-skutterudites are slightly larger than for the Ce-As pairs in some arsenides. The values of θ E for these rattlers are also included in Fig. 8 .
There are very few local structure studies of the oxy-skutterudites with which to compare. Ebbinghaus et al. 43 determined the local structure about Ru in several samples at 77 K using EXAFS and found similar results to those in Ref. 34 . Zheng et al. 92 investigated a related material CaCu 3 Ti 4 O 12 using both EXAFS and PDF analysis but focused more on the possibility of Ca/Cu site/antisite disorder. The more surprising result for the oxy-skutterudites is that σ 2 (T ) for the second neighbor pairs, Ln-Ru has a weaker temperature dependence than for the nearest neighbor, Ln-O pairs for each compound (see Fig. 10 ). This indicates stiffer effective springs between the Ln and Ru atoms 34 than between Ln and O. This is very unusual and lead to a closer inspection of the ring structures and how they are constrained to move within the unit cell.
The strong Cu-O bond for the oxy-skutterudites and relatively strong As-As bonds in the arsenides and Sb-Sb bonds in the antimonides suggests that the ring structures should be considered as fairly rigid and independent units. Although the Ru-O bonds (or M-As in arsenides) are strong, they are nearly perpendicular to the ring, and provide little restoring force for motion to and away from the rare earth. To understand this, consider part of the unit cell shown in Fig. 11 (left) . The strongest effective spring constants are between the Ru (or other transition metal atoms: light blue) and the O (or pnictogen atom, purple). A 2D simplification is shown in Fig. 11 (right) ; K is the spring constant between Ru and O. The restoring force in the horizontal direction is proportional to K cos 2 (θ) while the vertical restoring force is proportional to K sin 2 (θ). For typical skutterudites, cos 2 (θ) (between the spring direction and the x-axis) varies between 0.04 and 0.1, and hence the horizontal restoring force is very small. Consequently, the ring can slide easily in a channel, formed by the Ru or M atoms, in directions toward or away from the rattler. Thus, it appears that for this direction of motion, the rattlers and rings may form nearly 1D chains that are only weakly linked to the rest of the lattice.
22, 34 We consider such a 1D model in Sec. 5.1.
Pt 4 Ge 12 compounds
Recently, other skutterudites such as CePt 4 Ge 12 have been synthesized, [46] [47] [48] [49] 93 and for this material, doping Sb onto the Ge site enhances the thermoelectric ) and angle, θ, between the spring and the horizontal axis. The horizontal restoring force varies as K cos 2 (θ) and hence for motion toward the rattler (orange-brown), the restoring force on the square ring from the Ru atoms is very small. Similar results apply to the As 4 ring in the As-skutterudites.
properties. 48 Others similar compounds include BaPt 4 Ge 12 and UPt 4 Ge 12 .
25
We have studied the local structure about the Ce, Pt, Ge and Sb sites in CePt 4 Ge 12−x Sb x as the Sb doping level x is increased. Our first results 41 show that again the Ce atom acts like a rattler with θ E for the Ce-Ge pair about 90 K (91 K for x = 0 and 89 K for x = 1), while the shortest Pt-Ge bond is characterized by a correlated Debye temperature near 350 K. Again, the Ce-Ge bonds are significantly softer -but only by a factor of ∼ 4. As Sb is substituted for Ge, the largest effect is observed for the Ce L III -edge data for which the r-space peaks are reduced to nearly noise level for x = 3. In contrast, the Pt-Ge peak in the Pt L III -edge data is almost unchanged at x = 1, and only reduced by ∼ 30% for x = 3. For the Ge K edge data, there are Ge-Pt contributions which are still strong at x = 3, while the Ge-Ge peaks follows the Ce-Ge pair and are strongly suppressed at x = 3. Thus, most of the distortion is in the plane of the Ge 4 ring and toward the rattler atom Ce. This supports the idea proposed above for the oxy-skutterudites and arsenic skutterudites, that the rattler and ring can move relatively easily along the rattler-ring direction, but are confined to this nearly 1D motion by (in this case) the strong Pt-Ge bonds which form an effective channel in the structure.
For BaPt 4 Ge 12 and UPt 4 Ge 12 , Rogl et al. 25 report Einstein temperatures extracted from the temperature dependencies of thermal expansion -82 K for BaPt 4 Ge 12 and 62 K for the heavier U version, UPt 4 Ge 12 . The large change in rattler mass from 137 amu to 237 amu would lead to a decrease in θ E by 24% from a Ba rattler to a U rattler, assuming θ E ∼ K/µ. This is close to the observations, 25 suggesting little change in local spring constants. 
Modeling and Calculations
Early models for thermal conductivity in the filled skutterudites considered vibrations of the rattler atoms as isolated local modes, that scattered phonons via point defect scattering. [13] [14] [15] [16] However, in the early 2000s, phonon dispersion curves were calculated for the filled skutterudites by a number of groups.
17,94-99 Feldman et al.
94
calculated the phonon dispersion curves for LaFe 4 Sb 12 and showed that there is a low energy mode, associated with La, near 6-7 meV with little dispersion. Further, by comparing with an earlier study of an unfilled skutterudite, CoSb 3 , 100 they suggested that hybridization between La and Sb leads to two modes one shifted down to 6-7 meV and the other shifted up to 13 meV; both modes have some La and Sb characters, but the lower mode has more La weight while the upper mode has more Sb weight. Avoided crossing (i.e. a gap opens where two modes cross) are shown more clearly in a later paper 96 near q = 0.45 and 0.9 (100 direction), and even more clearly in the calculations of Tsutsui et al. 97 for LaRu 4 P 12 at q ∼ 1/3 and 2/3. The low energy mode for this phosphide is near 10 meV. Although two avoided crossing exist that involve the longitudinal acoustic phonon modes, the nature of the higher mode is unclear. We suggest below, based on our EXAFS results, that the nearly square rings may also behave like a rattler -but only in one dimension, and the two rattler-like modes that cross the longitudinal acoustic are combinations of rattler and ring displacements. Although there are now a number of full phonon calculations, only a few determine the atomic displacement parameters (ADP) for rare earth atoms. 98 Unfortunately, σ 2 (T ) used in EXAFS, which involves correlated motions of two atoms, has not yet been calculated.
Finally, Li et al. 17 have calculated phonon modes for another system, BaFe 4 Sb 12 and found no low energy modes in contrast to the observations for most other skutterudites. Consequently, the Ba rattler mode(s) must have a higher energy. Li et al. 17 assumed that this system was a typical skutterudite and argued that the reduction in thermal conductivity is mainly a result of three-phonon anharmonic scattering and is not related to a particular resonant frequency. Since many experimental studies as well as some theoretical studies find well-defined low energy modes, these calculations may not be typical of most skutterudites.
1D model
To better understand the behavior of the quasi-1D chain of rattlers and squares, and how they couple to the rest of the cage, we considered a 1D chain model with four masses and four springs in the unit cell 22 to model the simplified structure shown in Fig. 11 . Two of the masses correspond to the transition metal atoms M in the cage, one to the rattler atom and the last to the total mass of a ring. In this model, some springs are overlapping and the net results are not intuitive. The model can be viewed as two 1D, infinite chains, weakly coupled (via K sc and K rc ) as shown in Fig. 12 . Each chain has a 2-atom basis; the top chain represents the main cage formed of transition metal atoms M, connected by two slightly different springs: ) and cage (small, blue-green) and the square and cage, respectively. Krs couples the rattler and square masses. while K cc1 and K cc2 couple the transition metal cage atoms. These latter spring constants should be equal but are made very slightly different to make a 2-atom basis for the upper chain -4-atom basis for the complete 1D model. K cc1 for a sub-cube containing a square and K cc2 for a sub-cube containing a rattler atom. The lower chain is formed of alternating rattler atoms (brown circles) and large atoms representing the rings (purple square); these are connected via spring constant K rs -second strongest in this model. Finally, the weak springs (thin lines) between the two chains are K rc between the rattler and the cage atoms, and K sc between the squares and cage atoms.
From this model, one can calculate σ 2 as a function of T for each pair of atoms and determine K eff from the inverse slope of σ 2 (T ) in the high T limit to compare with the actual spring constants used in the model. For the M-M pair, the spring constant determined from the inverse slope is very close to the direct spring constant (within 6%), while for the rattler-ring pair, the effective spring constant is somewhat larger -from 25% to nearly a factor of 2 larger than the direct spring constant, depending on the values of other spring constants. 22 The largest differences are for the rattler-M and ring-M pairs, particularly when these direct spring constants are small; then the effective spring constants are much larger than the direct spring constants. Whether the rattler-ring or the rattler-M pair has the stiffest effective spring constant, depends on the ratios of the various direct spring constants used, 22 and provides an explanation for the unusual differences observed between the As-and oxy-skutterudites.
An important result from these calculations 22 is that in most cases, there are two avoided crossings in q space (q is the phonon wave vector) near q 1 and q 2 (see Fig. 13 ). At each of these values of q, there is a band of energies for which there are no acoustic phonons to transport heat. The locations of q 1 and q 2 depend on both the rattler and ring masses, and the related spring constants. Now, consider an inhomogeneous system with two types of rattlers or two types of rings with significantly different masses (or spring constants). This might be achieved using a hot pressed mixture of two types of small particles (types I and II), each having a different composition -for example, two different rattler atoms with significantly different masses. In type I material, the avoided crossings would be at q 1 and q 2 The energies of these two optic modes depend on the rattler and square masses and associated spring constants. The crossings occur close to q 1 and q 2 for type I materials and near q ′ 1 and q ′ 2 for type II material (lower plot). A phonon of energy ω A (q 1 ) will propagate in the type II material but not in type I material for which q 1 is near an avoided crossing and ω A (q 1 ) is between modes.
while for type II, the avoided crossings would be at q ′ 1 and q ′ 2 as shown in Fig. 13 ; note that ignoring the avoided crossings, the acoustic mode would be identical in both cases. Now consider phonons of frequency ω A (q 1 ) -2.6 × 10 12 Hz (see Fig. 13 ) that would propagate in the type II material; however, in type I material, modes at q 1 have different frequencies and the mode propagating in type II would not propagate in the type I material. A similar effect would be observed for ω B (q
12 Hz; this acoustic mode would propagate in type I but would not propagate in type II. Modes at q 2 or q ′ 2 would have a similar behavior if there are avoided crossings with the acoustic modes and the splitting at the avoided crossing is large enough.
Double and multi-filled rattlers
It should be noted that multiple filling of the rattler sites has been used in the last decade to improve the thermoelectric performance. that each rattler acted as a local oscillator and hence scattered a small range of phonon frequencies close to the rattler frequency. Thus, adding a second rattler would scatter a different band of phonon frequencies and further reduce κ. Berardan et al. 101 used a mixture of Ce and Yb on the rattler site and found improved performance compared to only Ce or only Yb. In this case, the change in the rattler energy is a combination of the mass change (Yb: 173; Ce: 140) and likely a change in bonding, as the Yb valence is less than +3 and changes with composition. Yang et al. 103 compared the performance of doubly filled CoSb 3 skutterudites with Ba x R y (R = La, Ce or Sr) on the rattler site and showed that the Ba rare earth pairs were more effective that the Ba-Sr pair. Since the mass difference between Ba and Ce is small, it must be that the effective spring constants between Ce and Sb, and Ba and Sb are different likely because of the different valences. Although recent models for the suppression of the thermal conductivity in filled skutterudites argue that it arises primarily from a coupling of modes, 17,94-99 random occupation of the rattler site by two or more different atoms will also introduce point defects, and the net suppression of thermal conductivity may be a combination of mode coupling and point defect scattering. This also applies to systems with small filling of the rattler sites. 105, 106 We assume that the rattler modes will be similar to those for single filling, and are not aware of any local structure studies on multiple filled skutterudites that indicate otherwise. Whether or not the rattler modes actually change in multi-filled skutterudites remains an open question.
There are now over 100 papers investigating double or multiple rattlers -in each case, there is an improvement in the thermoelectric properties; we give a few other references here;
10,25,105,107-112 many more are listed in Refs. 105 and 112. An important aspect of double (or multiple) filling is the distribution of rattlers in the material. For moderately long wavelength phonons, variations in the rattler atom on the scale of a few unit cells will introduce disorder but may not change the energy of the low energy optic modes much. All the papers we are aware of consider double or multiple rattlers on the level of few unit cells; none have considered a composite formed by hot pressing two or three types of nanoparticles (100-500 nm in size), with different compositions as described above (see Fig. 13 ). By optimizing each type of nanoparticle to enhance the power factor and choosing the rattlers such that there are different low energy optic modes, the thermal conductivity can then be controlled by the nanostructure and the mismatch in acoustic phonon transmission as a result of different frequencies for the low energy optic modes for each type of particle.
Doping on nonrattler sites
A number of investigators have doped some skutterudites on the transition metal or pnictogen sites. Similar behavior is found when there is doping on the ring atoms. For example, when Sb is substituted for Ge in CePt 4 Ge 12 , the disorder becomes very large for the Ce-Ge pair as the Sb concentration increases but there is very little disorder in the Ge-Pt pair. 41 For both types of doping, the disorder is mainly along the rattler-ring direction, consistent with the model that the rattler-ring chains may be weakly coupled to the rest of the lattice.
Spring constants
The inverse slopes of the σ 2 versus T plots, when extended to high T are a direct measure of the effective spring constants between the central atom and each of the first few neighbors [see Eq. (8)]. It is essentially independent of how the data are analyzed (using either an Einstein or correlated Debye model) and provides a better means of comparing relative bond strengths. Einstein or correlated Debye temperatures depend on the choice of the effective reduced mass. For the nearest neighbor pairs with the strongest bonds, the inverse slope should provide a good estimate of the actual spring constants, but for further neighbors, contributions from the surrounding network start to play a role and for distant neighbors, the effective spring constant estimated this way will not be a measure of the local spring constant. How important the network effects are depends on the ratios of the actual spring constants and the particular neighbor (second, third, fourth, etc. The strongest spring constants in the unit cell are between the transition metal and a pnictogen atom, while the second strongest is between two pnictogen atoms in the square rings;
34 similar results are found in the calculations. 22 However, experimentally the M-X spring constant is only about 3-4 times larger than the rattler-pnictogen effective spring constant. The calculation described above allows a comparison between direct spring constants and the effective spring constant measured via EXAFS, and show the importance of considering network contributions, particularly for the weaker direct spring constants. 
Discussion and Conclusions
The unusual open skutterudite structure has a mixture of weak and strong bonds that lead to a range of phonon mode energies. Perhaps the most important of these are several low energy optic modes that cross the longitudinal acoustic mode. The lowest optic mode has low dispersion and is present when filler atom sites are occupied -these atoms are often referred to as rattler atoms, and have been investigated extensively for more than two decades. The characteristic energies of these rattler modes -usually given as the characteristic temperature, θ E -vary with the composition of the skutterudite structure as shown in Figs. 2 and 8 . The lowest values of θ E are for the large unit cell antimonides, while the highest are for the phosphides and oxy-skutterudites, both of which have a much smaller unit cell. Within a type of skutterudite (antimonides, for example), the energy is lower for larger mass rattlers. The value of θ E , however, differs between probes as discussed in the introduction and that explains in part the significant variation of θ E in Figs. 2 and 8. However, there may also be differences between samples.
The crystal structure about the rattlers is very symmetric -see Fig. 1 , and in some cases such as EuOs 4 Sb 12 , 33 the vibrations of the first and second neighbors are nearly the same -similar slopes of σ 2 versus T and nearly identical values of σ 2 at T = 0, consistent with a relatively stiff surrounding cage. However, in many cases, the slope of σ 2 versus T for the second neighbors is significantly larger than for the first neighbors, and in addition, for a few systems there is a large static off-set σ 2 static 33 which suggests that either there is some distortion of the transition metal cube 33 or that the vibrations are anharmonic as suggested for PrOs 4 Sb 12 .
79 More surprising is that for the oxy-skutterudites, the slope of σ 2 versus T is smaller for the second neighbor Ln-Ru peak, indicating that the second neighbor pair has a stiffer effective spring constant. In addition, the difference in spring constants between the strongest bonds (M-X, e.g. Fe-Sb in CeFe 4 Sb 12 ) and the bonds connecting the rattler atom to the structure (e.g. Ce-Sb for CeFe 4 Sb 12 ) is not that large -typically a factor of 3-5 and hence the rattler motion must be coupled to vibrations of the rest of the unit cell. Thus, the nearly rigid cage model is too simple an approximation for fully understanding the vibrational properties of the filler atoms. A second aspect of this unit cell that has only recently been recognized from local structure studies, 34 is that the vibrations of the pnictogen atoms (or Cu and O for oxy-skutterudites) are not isotropic; in part because of the low symmetry about the pnictogen atoms. Because the bonds between the X atoms are the second strongest bonds within the unit cell -i.e. Sb-Sb bonds in antimonides, As-As bonds in arsenides (and Cu-O bonds in oxy-skutterudites) -a useful approximation is to treat the rings (As 4 , Sb 4 , CuO 4 , etc.) as relatively stiff sub-structures, and consider the unit cell to be formed from three distinct groups of atoms; the cubic cage structure formed only of the transition metal atoms, the ring structures and the rattler atom. We anticipate that the P 4 rings in the phosphides are also stiff but have not investigated the phosphorus EXAFS. The restoring forces on the square ring are large perpendicular to the ring as a result of the very strong X-M or O-M bonds -stiffest in the structure but relatively weak within the plane of the ring. Take CeFe 4 Sb 12 as an example. The strongest bonds in this lattice are the Fe-Sb bonds, and in all our local structure studies for which we have investigated all edges, the transition metal-pnictogen bond is always the strongest. From symmetry, the restoring forces on Fe are isotropic and the strong Fe-Sb bond means that Fe will have high frequency vibrations in all directions. This has been noted in discussions of the Mossbauer-determined Debye temperatures (using Fe-57 nuclei), 64, 65 which are higher than θ D values obtained from heat capacity. Because of the stiff Sb-Fe bond (more generally, X-M or O-M bonds) the restoring forces on the ring are very strong in the direction perpendicular to the ring -let us refer to it as the zdirection for one particular ring (note that within the unit cell there are other rings oriented perpendicular to x and y). However, for motion along the x-axis toward the rattler atom (e.g. Ce), the net restoring forces (i.e. the x-components) from the Sb-Fe and Sb-Sb bonds are small (see Fig. 11 ). The largest contribution along the x-direction is from the weaker rattler-pnictogen (Ce-Sb) bonds which are about 3-4 times weaker than the Sb-Fe bond. Finally, the forces on the rings along the y-direction arise from bonds between rings -i.e. the third and fourth neighbor Sb-Sb bonds in CeFe 4 Sb 12 (and from second neighbor Cu-O bonds in the oxyskutterudites). These y-direction restoring forces are much weaker than the bonds within a ring but somewhat stronger than the bonds between the rattler and a ring, leading to asymmetric vibrations of the rings. Thus, the vibration energies of the Sb atoms should indeed be lower on average and lead to a lower value of θ D from specific heat measurements compared to Mossbauer measurements as suggested.
64
This is likely a general result for all the skutterudites.
An important consequence of these large differences in bond strengths is that the rings are effectively constrained to have the largest vibration amplitudes in a direction toward or away from a rattler -i.e. as if the Fe and neighboring rings form a channel within which a ring moves easily. Thus, the ring and rattler atoms form quasi-1D chains along the x-, y-, and z-axes that are connected at the rattler atoms. These chains are weakly connected to the rest of the structure by coupling between the rattler and transition metal atoms and between the rings and the transition metal atoms. Such a 1D model can, in fact, explain the unusual result that the effective spring constant is larger for the second neighbors about a Ln ion in the oxy-skutterudites, 22 as described briefly in Sec. 5.1. Theoretical calculations show that low energy, low dispersion modes exist, and in many case, two distinct modes are observed, that are usually associated with the rattler atom and the pnictogen atoms. We have proposed that there are two rattle-like objects -the filler atoms and the square rings -and that the two low energy optic modes correspond to different vibration modes for quasi-1D chains of rattlers and rings. An interesting feature of these systems is that the low energy rattler modes interact with the acoustic modes and produce avoided crossings that can be tuned by the choice of the rattler or ring atoms. Over a range of q-vectors centered near the avoided crossing at q 1 , the modes are flattened (see Fig. 13 ) and the resulting reduced speed of sound for these modes decreases the thermal conductivity. The modes that propagate near q 1 are quite different from the modes that are present for a significantly different rattler mass. Thus, using a mixture of several nanoparticles with avoided crossings at different values of q, a larger suppression of the thermal conductivity might be achieved.
Detailed local studies have provided new insight about the vibrational properties of the skutterudites and suggested new ways to suppress the thermal conductivity. It is hoped that this paper will stimulate further experimental and theoretical work on skutterudite composite materials.
